We derive new families of presentations (by generators and relations) for the alternating and symmetric groups of finite degree n. These include presentations of length that are linear in log n, and 2-generator presentations with a bounded number of relations independent of n.
Introduction
A long-standing question of interest is the existence of short-length presentations for the alternating and symmetric groups of degree n; see [5, 7] for example.
Babai et al. [1] define the length of a presentation as the number of symbols required to write down the presentation. In this context, each generator is a single symbol, and relations can be transformed into relators (namely words in the generators that present the trivial element), each of which can be written as a string of symbols. Accordingly, the length of a presentation is equal to the number of generators plus the sum of the lengths of the relators. For powers of elements, the exponent can be written in binary form, and so (for example) the length of (xy) m for large m is 2 + log 2 (m). Perhaps the best known family of presentations for the finite symmetric groups are their presentations as Coxeter groups (see [7] for example), attributable to E.H. Moore [13] . In these, the symmetric group S n of degree n is presented in terms of the transpositions t k = (k, k + 1) for 1 k < n, which generate S n and satisfy the defining relations t k 2 = 1 for 1 k < n, and (t k−1 t k ) 3 = 1 for 1 < k < n, and (t j t k ) 2 = 1 for 1 j < k − 1 < n − 1. The number of relations is n − 1 + (n − 1)(n − 2)/2 = n(n − 1)/2, and the presentation length is n−1+2(n−1)+6(n−2)+4(n−2)(n−3)/2 = 2n 2 −n−3, both of which are quadratic in the degree n.
In this paper we construct new families of presentations for the symmetric groups that reduce the presentation length, first to linear in n (in Section 2), then to quadratic in log n (in Section 3), then to O(log α n log log n) where α = log 2 (1+ √ 2) ≈ 1·27155 (in Section 4). All these presentations are obtained recursively from symmetric subgroups of symmetric groups. We then turn to a different technique, using presentations of PSL(2, p) and PGL(2, p) for suitable primes p. We construct a family of presentations for S n in which the number of relations is bounded, answering a long-standing question that was raised again recently by Alex Lubotzky and Bill Kantor (in a personal communication), and finally we give families of presentations for S n of length O(log n) having a uniformly bounded number of generators and relations.
In Section 3, we present the key idea of obtaining a presentation for S m+n or S m+n−1 by 'gluing' together presentations for S m and S n . If m = n we can avoid repeating the presentation for S n , and this enables us to construct efficiently a presentation for S 2m , or for S 2m−1 , from a presentation for S m . This provides an inductive process of obtaining a presentation for S n in O(log n) steps. In Section 4 a similar technique is used to combine presentations for S m and S n to produce a presentation for S mn . Our gluing technique can then be used to obtain short-length presentations for symmetric groups of other degrees.
In Section 5, we take quite a different approach: we use short presentations for the 3-transitive permutation groups PGL(2, p) of degree p + 1, for prime p, to build presentations for symmetric groups of degree n where n − 1 or n − 2 is expressible as a sum of two primes. An application of the Goldbach conjecture (or more precisely its three-prime version proved by Vinogradov [19] for sufficiently large odd n, or its sixprime version proved by Ramaré [15] for all even n), together with our gluing techniques then gives presentations for S n with two generators and a bounded number of relations, for all n. We improve these in Section 6, giving presentations for S n not just with a bounded number of generators and relations, but also having length O(log n) -which is the best possible since merely specifying the integer n needs O(log n) bits.
In Section 7, we explain briefly how short-length presentations for the alternating groups A n can be obtained from those for S n . In particular, this gives presentations for A n with two generators and a bounded number of relations, for all large n, thereby answering a question of Campbell et al. from [5, Section 7] .
In Section 8, we record the shortest presentations we have found (by other means) for the symmetric groups of degree up to 9. From a computational perspective, these presentations are important base cases, which can improve results obtained using the constructions given in Sections 2 to 5.
Simultaneously and independent of our work, Guralnick, Kantor, Kassabov and Lubotzky [8] obtained similar results for A n and S n . In a major extension, they use the short presentations for the corresponding Weyl groups to prove that every nonabelian finite simple group of rank r over GF(q) with the possible exception of the Ree groups 2 G 2 (q) has a presentation with a bounded number of generators and relations and total length O(log r + log q). In [6] , we use our short presentations for the Weyl groups to write down explicit presentations of this length for the classical groups. The previously shortest known presentations have length at most O(r 4 (log q) 2 ); see [1] . The various presentations for the alternating and symmetric groups satisfy differ-ent demands. In particular, for computational purposes, we often need a presentation on the "standard generators", {(1, 2), (1, 2, . . . , n)}, of S n . For example, such presentations can be used in conjunction with the algorithms of [2] to verify constructive recognition of black-box representations of these groups. For further applications of short presentations, see [14] , where a preliminary version of our results was announced.
We conclude by commenting on the concept of presentation length. Our definition (due to Babai et al. [1] ) accords well with the requirement of computational complexity. We could, however, assume instead that the generators in a presentation are indexed symbols, and count the length of subscripts as part of the length; if the generating set has size k then this would increase the length of the presentation by a factor of at most O(log k). Such a simplification does not change the asymptotic complexity of the lengths of the presentations in this paper.
A presentation for S n of length O(n)
In this section, we show how to construct a presentation for S n having length that is linear in n.
First, consider the presentation for S n as a Coxeter group given in the Introduction. A shorter presentation can be obtained by introducing the n-cycle y = (1, 2, 3, . . . , n) as a new generator and then using the fact that y −(i−1) t 1 y i−1 = (i, i+1) = t i to eliminate the generator t i for 2 i < n. Letting x = t 1 and eliminating further redundancy of relations under conjugation by the long cycle y, the presentation may be taken as
Note that the relation (xy) n−1 = 1 can be used to express y as a product of conjugates of x and hence as a product of the t i . The number of relations is now 3 + n/2 , which is linear in n, and the presentation length is O(n log n).
Now, however, we may define y i = y i for 1 i n/2 , and add these to the presentation as additional (redundant) generators, by adding also the relations y 1 = y and y i = y i−1 y for 2 i n/2 . Once we do that, we can replace the relation (xy −j xy j ) 2 = 1 by (xy −1 j xy j ) 2 = 1 for 2 j n/2 , which reduces the presentation length from quadratic in n to linear in n. Indeed we have the following: Theorem 2.1 For all n 3, the symmetric group S n of degree n has presentation
with n/2 + 1 generators, 2 n/2 + 2 relations, and presentation length bounded above by ( n/2 + 1) + (3n + 12 + 11( n/2 − 1)) = 3n + 12 n/2 + 2 9n + 2.
Note that linearity of the presentation length has been achieved by introducing additional (redundant) generators.
3 Building presentations for S m+n from S m and S n In this section, we describe a 'doubling' construction that produces presentations for S 2n−1 and S 2n from a given presentation for S n involving the generators x = (1, 2) and y n = (1, 2, . . . , n). Inductive use of this construction then gives a presentation for S n with length that is quadratic in log n.
We first give a simpler construction for building a presentation for S m+n from presentations for S m and S n , which will be used also in Sections 4 and 5. The key idea is to 'glue' the presentations together using a single transposition: Theorem 3.1 Let P = {A | R} and Q = {B | S} be presentations for the symmetric groups S m and S n of degrees m, n 3, such that the generating set A for S m contains elements a and v standing for the transposition (1, 2) and the m-cycle (1, 2, . . . , m) respectively, and the generating set B for S n contains elements b and w standing for the transposition (1, 2) and the n-cycle (1, 2, . . . , n) respectively. Then
is a presentation for S m+n on a generating set that includes the elements y standing for the (m + n)-cycle (1, 2, . . . , m + n) and t standing for a transposition of the form (i, i+1). In particular, this presentation has |A| + |B| + 2 generators and |R| + |S| + 12 relations, and presentation length at most (P )+ (Q)+64 where (P ) and (Q) are the lengths of the presentations P and Q. Moreover, the elements of A ∪ B are redundant generators, with a = yty
, b = y −1 ty and w = y −(n−1) (ty) n−1 . Hence the above presentation can be simplified to one on just 2 generators (t and y) subject to at most |R| + |S| + 12 relations.
Proof: First, let G be the group defined by the given presentation, and observe that there exists a homomorphism from G to S m+n under which
since these permutations satisfy the given relations. Now in G, define t m−1 = a and t m−i−1 = v i av −i for 1 i m − 2, and then also t m = t, and t m+1 = b and t m+i+1 = w −i bw i for 1 i n − 2. We will show that these m + n − 1 elements t j satisfy the usual Coxeter relations for S m+n , and that they generate G.
By the hypotheses on P , the elements t i for 1 i < m generate a subgroup isomorphic to S m and therefore satisfy the usual Coxeter relations for S m , and similarly, the elements t m+i for 1 i < n satisfy the the usual Coxeter relations for S n . In particular, the elements t i (for 1 i < m + n) satisfy the Coxeter relations t 2 i = 1. Similarly, because we included the relations (at) 3 = (tb) 3 = 1, we have (t i t i+1 ) 3 = 1 for 1 i m + n − 2.
Next, we will show that [t j , t k ] = (t j t k ) 2 = 1 whenever 1 j < k − 1 < m + n − 1. If j < k < m, then this follows from the presentation P ; if m < j < k, then it follows from the presentation Q; and if j < m < k, then it follows from the four relations 
Hence the m + n − 1 involutions t i generate a subgroup satisfying the usual Coxeter relations for S m+n .
The relations in P and Q imply that each of the elements of A or B is expressible as a word in these t i , and the relation y −1 wtv = 1 then implies the same for y, and therefore the involutions t i generate G.
Thus G is isomorphic to S m+n , and the rest follows easily. 2
In the above proof, t stands for the transposition (m, m + 1). Since conjugation by the long cycle (1, 2, . . . , n) is equivalent to the obvious cyclic relabelling of the points, the generator t can stand for any transposition of the form (i, i + 1), including the transposition (1, 2) . This observation will apply also to later theorems.
By ignoring the elements b and w, we have also the following in the case n = 1:
is a presentation for S m+1 on a generating set that includes the elements y standing for the (m + 1)-cycle (1, 2, . . . , m + 1) and t standing for a transposition of the form (i, i+1). In particular, this presentation has |A| + 2 generators and |R| + 5 relations, and presentation length at most (P ) + 27, with the generators in A redundant.
A very similar construction without the gluing transposition can be used to prove the following: Theorem 3.3 Let P = {A | R} and Q = {B | S} be presentations for S m and S n , as in Theorem 3.1. Then
is a presentation for S m+n−1 on a generating set that includes the elements y standing for the (m+n−1)-cycle (1, 2, . . . , m+n−1) and b standing for a transposition of the form (i, i+1). In particular, this presentation has |A| + |B| + 1 generators and |R| + |S| + 8 relations, and presentation length at most (P ) + (Q) + 52. Moreover, the elements of A ∪ B \ {b} are redundant generators.
Here the commutation relations ensure that a, v ∼ = S m commutes with the subgroup wb, w −1 bw ∼ = S n−1 of index n in b, w , and that b, w ∼ = S n commutes with the subgroup av, vav
As a basis for induction, the constructions used in Theorems 3.1 and 3.3 are not the best possible, since doubling the degree roughly doubles both the number of relations and the presentation length. By taking m = n, however, we can express a copy of S n as a conjugate of another, and thus do much better.
Theorem 3.4 Let P = {A | R} be a presentation for the symmetric group S n of degree n 3, such that the generating set A contains elements x and w standing for the transposition (1, 2) and the n-cycle (1, 2, . . . , n) respectively. Then
is a presentation for S 2n on a generating set that includes the elements y standing for the 2n-cycle (1, 2, . . . , 2n) and x standing for a transposition of the form (i, i+1). In particular, this presentation has |A| + 1 generators and |R| + 6 relations. Moreover, the elements of A \ {x} are redundant generators.
Proof: Let G be the group defined by the given presentation, and observe that there exists a homomorphism from G to S 2n under which x → (1, 2), w → (1, 2, . . . , n), and y → (1, 2, . . . , n, n + 1, n + 2, . . . , 2n). In G, define t 1 = x and t i+1 = w −i xw i for 1 i n − 2, and then t n = y −(n−1) xy n−1 , and t n+i = y −n t i y n for 1 i n. The elements t i for 1 i < n generate the same subgroup as x and w, so satisfy the usual Coxeter relations for transpositions generating S n . Also the elements t i for 1 i n − 2 generate the same subgroup as x and w 2 xw −1 (standing for the stabiliser in S n of the point n). Now the relations [x, wy
. . , t n−2 , and it follows that conjugation by y has the same effect as conjugation by w on the n − 2 elements t 1 , t 2 , . . . , t n−2 . In particular, y −1 t i y = w −1 t i w = t i+1 for 1 i n − 2. But then also y −1 t n−1 y = y −(n−1) t 1 y n−1 = t n and y −1 t n+i y = y −(n+1) t i y n+1 = t n+i+1 for 1 i n. From these and the relation y 2n = 1 it follows that conjugation by y cyclically permutes the 2n elements t 1 , t 2 , . . . , t 2n . The Coxeter relations t 2 i = 1 and (t i t i+1 ) 3 = 1 now follow from conjugating the analogous relations in the subgroup t 1 , t 2 , . . . , t n−1 = x, w ∼ = S n by powers of y. Similarly, so do the relations [t j , t k ] = (t j t k ) 2 = 1 whenever 2 |j − k| n − 2 (where |j − k| is considered modulo 2n). Also the relations [x,
, and conjugating these by powers of y gives all the remaining Coxeter relations of the form [t j , t k ] = (t j t k ) 2 = 1. Thus the 2n − 1 involutions t 1 , t 2 , . . . , t 2n−1 generate a subgroup satisfying the usual Coxeter relations for S 2n . The relations in P = {A | R} ensure that each of the elements of A is expressible as a word in the t i , and in particular, w = t n−1 t n−2 . . . t 2 t 1 . But similarly, from the relations y 2n = (xy) 2n−1 = 1 it follows that t 2n−1 t 2n−2 . . .
2n−1 = y, and so the involutions t i generate G. Thus G is isomorphic to S 2n , and the rest follows easily. 2
The above construction can be viewed as taking a given presentation for S n on generators x → (1, 2) and y n → (1, 2, . . . , n), then duplicating it as a presentation for an isomorphic copy of S n acting on {n + 1, n + 2, . . . , 2n} with generators t n+1 → (n + 1, n + 2) and v n → (n + 1, n + 2, . . . , 2n), 'gluing' the two presentations together by introducing the transposition t n → (n, n + 1), and then replacing this element t n by the 2n-cycle y = y 2n = v n t n y n → (1, 2, 3, . . . , 2n) .
Again we can drop the gluing transposition, to obtain the following:
Theorem 3.5 Let P = {A | R} be a presentation for S n , as in Theorem 3.4. Then
is a presentation for S 2n−1 on a generating set that includes the elements y standing for the (2n−1)-cycle (1, 2, . . . , 2n−1) and x standing for a transposition of the form (i, i+1). In particular, this presentation has |A| + 1 generators and |R| + 5 relations. Moreover, the elements of A \ {x} are redundant generators.
Here the second (isomorphic) copy of S n acts on {n, n+1, . . . , 2n−1} with generators t n → (n, n + 1) and z n → (n, n + 1, . . . , 2n − 1), and we introduce the (2n − 1)-cycle y = y 2n−1 = z n y n → (1, 2, 3 , . . . , 2n−1). The relations for the second copy of S n may be taken as conjugates under y n−1 of the relations in the starting presentation for S n , and so can be eliminated (once y is introduced).
Proof: As for Theorem 3.4, but with the Coxeter generators defined by t 1 = x and t i+1 = w −i xw i for 1 i n − 2, and t n+i−1 = y −(n−1) t i y n−1 for 1 i n. Here conjugation by y cyclically permutes the 2n − 1 elements t 1 , t 2 , . . . , t 2n−1 , and we have t 2n−2 t 2n−3 . . . t 2 t 1 = y(yt 1 ) 2n−2 = y(yx) 2n−2 = y. Only one additional relation not already provided by the presentation P = {A | R}, such as [x,
, is required to obtain all the Coxeter relations in this case. 2
Together, Theorems 3.4 and 3.5 can be used to produce short presentations for symmetric groups of arbitrarily large degree, whether odd or even. For instance, a presentation for S 439 can be obtained by inductively finding presentations for S m for all m in the sequence 4, 7, 14, 28, 55, 110, 220, 439. As building blocks for this general process, we need short presentations for S n involving (1, 2) and an n-cycle for just two cases: S 3 and S 4 . Examples are provided in Section 8. Theorem 3.6 For every positive integer n, the symmetric group S n has a presentation in which the number of relations is O(log n) and the presentation length is O((log n)
2 ).
which implies that g is a logarithmic function. Similarly, if the number of relators in the starting presentation for S n is f (n), then we have the recurrence property
, which implies that f is logarithmic. Each relator has fixed syllable length, however, and each syllable (such as y n or y n−1 or (xy) 2n−1 or y 2n−2 ) can be rewritten as a number of relators of length O(log n), so the total presentation length is quadratic in log n. 2
4 Building presentations for S mn from S m and S n
The construction involved in Theorem 3.4 started with a presentation for S n in terms of generators x and w, and duplicated this using an involution y n , in order to obtain a presentation for S 2n . In the resulting group, the elements x, w and y n generate a subgroup isomorphic to the wreath product S n S 2 .
We can generalise this to a construction that uses the wreath product S m S n to help produce a short presentation for S mn , whenever m, n 3. In particular, this gives a short presentation for S m 2 for all m 3. We can then obtain a short presentation for S n for any n.
Theorem 4.1 Let P = {A | R} and Q = {B | S} be presentations for the symmetric groups S m and S n of degrees m, n 3, such that the generating set A for S m contains elements a and v standing for the transposition (1, 2) and the m-cycle (1, 2, . . . , m) respectively, and the generating set B for S n contains elements b and w standing for the transposition (1, 2) and the n-cycle (1, 2, . . . , n) respectively. Then
is a presentation for S mn on a generating set that includes the elements y standing for the mn-cycle (1, 2, . . . , mn) and t standing for a transposition of the form (i, i+1). In particular, this presentation has |A| + |B| + 2 generators and |R| + |S| + 20 relations. Moreover, the generators in A ∪ B are redundant.
Proof: First, let G be the group defined by the given presentation, and observe that there exists a homomorphism from G to S mn under which
. . , m, m+1, m+2, . . . , 2m, 2m+1, 2m+2, . . . , mn), since these permutations satisfy the given relations. Note that the images of a, v, b and w generate a subgroup isomorphic to the wreath product S m S n ; in particular, the images of a and v generate a subgroup isomorphic to S m , and conjugates of this subgroup under powers of w generate a direct product (S m ) n of n copies of S m . Now in G, define t 1 = a and t i+1 = v −i av i for 1 i m − 2, and then t m = t, and also t im+j = w −i t j w i for 1 i < n and 1 j m. As in previous proofs, we will show that the mn − 1 elements t 1 , t 2 , . . . , t mn−1 satisfy the usual Coxeter relations for S mn , and that they generate G. Note that the element t mn has been defined here also, for later use.
By the hypotheses on P , the elements t 1 , t 2 , . . . , t m−1 generate a subgroup A 1 isomorphic to S m and satisfy the usual Coxeter relations for S m . Conjugating by w i , we see the same is true for the subgroup A i+1 generated by t im+1 , t im+2 , . . . , t im+m−1 , for 1 i < n. Moreover, the four commutation relations [a, w
−1 bw , which has index n in B = b, w ∼ = S n , and it follows that B permutes the subgroups A 1 , A 2 , . . . , A n by conjugation according to the natural action of S n on the index set {1, 2, . . . , n}. In particular, as this action is doublytransitive, we deduce that A i commutes with its conjugate A j whenever 1 i < j n, and that the subgroup of G generated by a, v, b and w is isomorphic to the wreath product S m S n .
It is easy to see that the elements t i satisfy t
, and then conjugation of these by powers of w gives all remaining relations of the form (t j t j+1 ) 3 = 1, namely for m + 1 j mn − 2. Next, we will show that [t j , t k ] = (t j t k ) 2 = 1 whenever 1 < j + 1 < k < mn. If j < k < m, then this follows from the presentation P ; and if im < j < k < (i+1)m for some i > 0, then it follows from P after conjugation by w i . = y −1 tyw −1 aw = 1 imply that y conjugates each element in the sequence t 1 , t 2 , . . . , t mn to its successor. First, y −1 t 1 y = y −1 ay = v −1 av = t 2 since vy −1 centralises a, and then we find by induction that
for 1 i m − 3, since t commutes with t i+1 , and a = t 1 commutes with t i+2 . Next y −1 t m−1 y = y −1 v 2 av −2 y = t = t m , and y −1 t m y = y −1 ty = w −1 aw = w −1 t 1 w = t m+1 , and finally because w = y m is centralised by y (which has order mn), we find
for 1 i < n and 1 j m.
Now since the known relations of the form [t j , t k ] = 1 cover all possible index differences k − j modulo mn (other than ±1 mod mn), conjugation by powers of y gives [t j , t k ] = 1 whenever 1 < j + 1 < k < mn.
Hence the mn − 1 involutions t 1 , t 2 , . . . , t mn−1 generate a subgroup satisfying the usual Coxeter relations for S mn .
Finally, we show that each of the given generators for G can be expressed as a word in these t i . The relations in P give this for each element of the set A. In particular, a = t 1 and v = (v
. . t 2 t 1 , and it follows that w −i vw i = t im+m−1 t im+m−2 . . . t im+2 t im+1 for 1 i < n. Similarly t = t m , and of course w −i tw i = t (i+1)m for 1 i n − 2. From the relation y = wv(wtv)
we can now deduce that
Next, from the relations w = y m and b = (v −1 tw −1 v −1 w) m it follows that both b and w are expressible as words in the t i as well, and the same then holds for all the redundant elements of the set B (which are expressible in terms of b and w).
Hence the involutions t i generate G, which is therefore isomorphic to S mn , and the rest follows easily. 2 Corollary 4.2 For all m 3, if the symmetric group S m has a presentation involving the long cycle (1, 2, 3 , . . . , m) and a transposition of the form (i, i + 1), and of length at most K log m log log m where K is any constant 100, then S m 2 also has such a presentation, of length at most K log m 2 log log m 2 .
Proof: Taking n = m in Theorem 4.1, we find that if the presentation for S m has length (P ), then a presentation can be constructed for S m 2 with length bounded above by 2 (P ) + 3 log m + c for some constant c 148. Now (K − 3) log m 97 log 3 > c, so it follows that if (P ) K log m log log m, then 2 (P ) + 3 log m + c 2 (P ) + K log m 2K log m log log m + K log m 2K log m(log log m + log 2) = K log m 2 log(2 log m)
It remains to construct a presentation for S n from these building blocks. To that end we require the following lemma. 
Then f (n) < k log α n log log n for n sufficiently large, and some constant k, where α = log 2 (1 + √ 2) ≈ 1 · 27155.
Proof: For n ∈ N, let n 1 ∈ N be minimal subject to n 2 1 n, and let n 2 be minimal subject to n 2 1 −n 2 2 n. Then clearly n 1 < √ n+1 and n 2 < 1+ 2(
Further n = (n 1 + n 2 )(n 1 − n 2 ) + n 3 where 0 n 3 < 2n 2 . Now consider the following inductive hypothesis: for some k > 0 and for some sufficiently large n 0 and for some n > n 0 , suppose that f (a) < k log α a log log a for every integer a in the range n 0 < a < n.
It is easy to see that log α (n 1 + n 2 ) log log(n 1 + n 2 ) = log α √ n log log √ n + o (1) and similarly when n 1 + n 2 is replaced by n 1 − n 2 . Hence it follows that
+ (5u/4 + v) log n + c for some absolute constant c k(2 log α √ n log log √ n + log α n 1/4 log log √ n) for all n > N , where N is determined by u, v, k. By definition of α, the last expression is k log α n log log n. The least value of N that satisfies this condition decreases monotonically with k, and hence may be regarded as being determined by u, v alone. Given N , we may take k to be large enough to ensure that f (a) < k log α a log log a for all a such that a n and log log a > 0. The above argument then proves the lemma inductively.
2
Note that the proof can also be organised to demonstrate that for any k > 0, f (a) < k log α a log log a for all sufficiently large values of a. This leads to the following result.
Theorem 4.4 For all n
3, the symmetric group S n has a presentation of length O(log α n log log n) on a generating set that includes elements x and y standing for the transposition (1, 2) and the n-cycle (1, 2, . . . , n), and α is as in the above lemma.
Proof: Let f (n) be the minimum length of a presentation of S n on a generating set as in the theorem. Then by Theorem 3.1 it follows that f (a + b) f (a) + f (b) + u for some constant u, and by Theorem 4.1 it follows that f (ab) f (a) + f (b) + v log(ab) for some constant v. The result then follows from the previous lemma. 2
Presentations for S n with a bounded number of relations
In this section we combine certain presentations for 2-dimensional projective general linear groups over prime fields, exploiting the 3-transitive permutation representations of these groups, in order to build presentations for symmetric groups with a bounded number of relations. For every odd prime p, the group PGL(2, p) has order p(p 2 − 1), and is 3-transitive in its natural action on the p + 1 points of the projective line over the field GF(p). The stabiliser of any point is a Frobenius group of order p(p − 1), complemented in PGL(2, p) by a cyclic subgroup of order p + 1 (any generator of which induces a single cycle of length p + 1, called a Singer cycle), and the stabiliser of any unordered pair of points is a dihedral subgroup of order 2(p − 1). Further, PGL(2, p) itself can be generated by two elements, such as a Singer cycle and any element of order p or p − 1.
Lemma 5.1 Let p be any odd prime, and α any primitive element of the field GF(p). Then for some integer j satisfying 1 j p − 2,
is a 4-generator 10-relator presentation for the group PGL(2, p). The three generators S, T and Q may be taken as standing respectively for the linear fractional transformations z → z + 1, z → −1/z and z → αz , in which case the first and third generate a Frobenius subgroup of order p(p − 1) fixing the point ∞, the second and third generate a dihedral subgroup of order 2(p − 1) stabilising the pair {0, ∞}, and the fourth generator R stands for a Singer cycle that takes ∞ to 0. Moreover, in this presentation the generators T and Q are redundant, and their elimination gives rise to an 8-relator presentation for PGL(2, p) on the two generators S and R.
Proof: A presentation for PGL(2, p) is given in Section 7.5 of [7] in terms of the three generators S, T and Q, subject to the first eight of the relations given, and standing for elements with the given properties. Then for any j, the pre-image in GL(2, q) of the element QT S j can be represented by a 2 × 2 matrix ± αj α −1 0 with trace ±αj and determinant α, and so the value of j can be chosen to ensure that R = QT S j lies in a conjugacy class of elements of order p + 1. With R so chosen, we find that SRS (1/α)−j RS 1−j = T , and thus we obtain the above presentation. The last two relations can be used to eliminate T and Q, giving a 2-generator 8-relator presentation on the generating set {R, S}.
We now exploit the existence of such short presentations and the 3-transitivity of PGL(2, p), to give the following: Theorem 5.2 For odd primes p and q, let P = {a, g, c, e | R} be a presentation for PGL(2, p), such that in the natural action on the projective line over GF(p), the generator g stands for a Singer cycle taking ∞ to 0, the generator a stands for an element of order p fixing ∞, the subgroup generated by a and c stands for the stabiliser of the point ∞, and the subgroup generated by c and e stands for the stabiliser of the pair {0, ∞}, and let Q = {b, h, d, f | S} be an analogous presentation for PGL(2, q). Then there exist words v and w in the letters t and y such that { a, b, c, d, e, f, g, h, t, y | R, S, t 2 , y is a presentation for S p+q+2 on a generating set that includes the elements y standing for the (p+q+2)-cycle (1, 2, . . . , p+q+2) and t standing for a transposition of the form (i, i+1). In particular, this presentation has 10 generators and |R| + |S| + 21 relations. Also the generators a, b, c, d, e, f, g and h are redundant.
Proof: First, let G be the group defined by the given presentation, and label the points of the projective line over GF(p) as 1, 2, . . . , p, p + 1 such that p labels 0, and p + 1 labels ∞, and similarly, label the points of the projective line over GF(q) as p+2, p+3, . . . , p+q+1, p+q+2 such that p+2 labels ∞, and p+3 labels 0. This labelling and the words v and w can be chosen in such a way that it gives a homomorphism from G to S p+q+2 under which
. . , p, p+1, p+2, p+3, . . . , p+q+1, p+q+2),
• the subgroup generated by a and g is transitive on {1, 2, . . . , p, p+1} and fixes the other q + 1 points p+2, p+3, . . . , p+q+1, p+q+2,
• the subgroup generated by b and h is transitive on {p+2, p+3, . . . , p+q+1, p+q+2} and fixes the other p + 1 points 1, 2, . . . , p, p+1,
• the subgroups a, c and b, d fix p+1 and p+2 respectively, and
• the subgroups c, e and d, f preserve the pairs {p, p + 1} and {p + 2, p + 3} respectively.
The words v and w exist because the images of t and y generate S p+q+2 , and in fact they can be found by expressing the images of a and c as words in the transpositions (i, i+1) for 1 i p+q+1, which are images of conjugates of t by powers of y. Observe also that the generators c and e in the presentation P for PGL(2, p) are redundant, as are the generators d and f in the presentation Q for PGL(2, q). Now in G, define t p+1 = t, and t p = yty −1 and t p+2 = y −1 ty, and then t p−i = g −i t p g i for 1 i p − 1, and t p+2+j = h −j t p+2 h j for 1 j q − 1. As earlier, we will show that the elements t 1 , t 2 , . . . , t p+q+1 satisfy the usual Coxeter relations for S p+q+2 , and that they generate G.
To do that, we make some key observations about conjugates of the element t p by elements of A = a, g . One is that t p = yty −1 is centralised by c and e, which generate a dihedral subgroup of order 2(p − 1) standing for the stabiliser of an unordered pair {p, p+1} of points in a known 3-transitive action of A of degree p + 1. In particular, the number of conjugates of t p by elements of A is exactly p(p + 1)/2, and there is a oneto-one correspondence between these conjugates and the unordered pairs of distinct points in the 3-transitive action of A. Also a and c generate a subgroup of order p(p − 1) that stands for the stabiliser in A of the point p + 1, and by 3-transitivity, this subgroup has two orbits on pairs, of lengths p and p(p − 1)/2. Moreover, this subgroup is a complement to the subgroup generated by g (standing for a Singer cycle that moves p+1 to p), and {p, p+1} g i lies in the long orbit of a, c on pairs for 1 i p (while {p, p+1} lies in the short orbit). It follows that t 1 , t 2 , . . . , t p−1 all lie in the same equivalence class under conjugation by a, c , of size p(p − 1)/2, but not containing t p .
By the analogous argument, t p+3 , t p+4 , . . . , t p+q+1 all lie in the same equivalence class under conjugation by b, d , because t p+2 = y −1 ty is centralised by the dihedral subgroup of order 2(q − 1) generated by d and f in B = b, h .
Next, we consider conjugation by y and t. The relation [t, y −1 gy 2 ] = 1 gives 
As also y −1 t p y = t p+1 and y −1 t p+1 y = t p+2 , we have y −1 t k y = t k+1 for 1 k p+q+1. Now conjugation of the relation t 2 = 1 gives t ] = 1 for 1 i < p + 1 < j p + q + 1. Because the known relations of the form [t j , t k ] = 1 now cover all possible index differences k − j (other than ±1) mod p+q +2, conjugation by powers of y gives [t j , t k ] = 1 whenever 1 < j +1 < k < p+q +2. These, together with the two relations expressing a and c as words in the conjugates of t by powers of y, and the relation y = htg −1 , show that each of the given generators for G can be expressed as a word in the elements t i .
Hence the involutions t i generate G, which is therefore isomorphic to S p+q+2 , and the rest follows easily. 2
Again, a very similar construction without the gluing transposition (p + 1, p + 2) can be used to obtain the following: Theorem 5.3 Let P = {a, g, c, e | R} and Q = {b, h, d, f | S} be presentations for PGL(2, p) and PGL(2, q) as in Theorem 5.2. Then there exist words v and w in the letters t and y such that
is a presentation for S p+q+1 on a generating set that includes the elements y standing for the (p+q+1)-cycle (1, 2, . . . , p+q+1) and t standing for a transposition of the form (i, i+1). In particular, this presentation has 10 generators and |R| + |S| + 20 relations. Also the generators a, b, c, d, e, f, g and h are redundant.
Proof: Here the Coxeter generators are t p = t and t p+1 = y gives [g, t j ] = 1 for p + 2 j p + q. These observations imply that y −1 t k y = t k+1 for 1 k p + q, and the rest follows as previously.
The presentations from Lemma 5.1 may be used as input into Theorem 5.2 or 5.3, and then eliminating the redundant generators a, b, c, d, e, f, g and h from the result (using one relation each), we find the following:
Corollary 5.4 Let n be any positive integer such that either n − 1 or n − 2 is the sum of odd primes p and q. Then the symmetric group S n has a defining presentation with generators x = (1, 2) and y = (1, 2, 3 , . . . , n) subject to at most 33 relations.
If the Goldbach conjecture is true, then every integer n 7 has this property. But independent of the veracity of the Goldbach conjecture, we have the following: Corollary 5.5 For every positive integer n, the symmetric group S n has a defining presentation with generators x = (1, 2) and y = (1, 2, 3 , . . . , n) subject to at most 123 relations, or at most 78 relations if n is sufficiently large.
Proof: By a theorem of Vinogradov [19] , every sufficiently large odd integer is expressible as a sum of three primes, and it follows that every sufficiently large even integer is expressible as a sum of four odd primes. Now suppose n − 2 or n − 1 is so expressible, say as p+q +r +s. Then by Corollary 5.4 there exist 2-generator 33-relator presentations for S p+q+1 and S r+s+1 , which can be taken as input to Theorem 3.1 or 3.3, to produce 2-generator presentations for S n (= S p+q+r+s+2 or S p+q+r+s+1 ), with at most 33 + 33 + 12 = 78 relations. Alternatively, we use the theorem of Ramaré [15] that gives every even n > 1 as a sum of at most six primes, and take the analogous approach, obtaining a presentation with at most 78 + 33 + 12 = 123 relations.
Unfortunately the lengths of the presentations in the last two results are difficult to measure, because of the words v and w used in Theorems 5.2 and 5.3. This problem is tackled using a somewhat different approach in the next section.
6 Short presentations for S n with a bounded number of relations
We now construct short presentations for S n with a bounded number of relations. As a first step, we introduce a more general version of the 'gluing' construction described in Section 3.
Theorem 6.1 Let P = {A, t | R} and Q = {B, t | S} be presentations for the symmetric groups S m+1 and S n+1 of degrees m + 1 and n + 1, with m, n 1, such that the generator t denotes a transposition in both cases. Let M and N be sets of words on the sets A ∪ {t} and B ∪ {t} standing for generators of the natural subgroups S m and S n fixing a point moved by t, respectively, and let [M, N ] denote the set of all commutators [u, v] with u ∈ M and v ∈ N . Then
is a presentation for S m+n , again with the generator t standing for a transposition. In particular, this presentation has |A| + |B| + 1 generators and at most |R| + |S| + |M ||N | relations. If y and z stand for an (m+1)-cycle in S m+1 and an (n+1)-cycle in S n+1 respectively, then zyt stands for an (m+n)-cycle in S m+n .
Proof: First, observe that there is a natural homomorphism from the group G with the given presentation onto S m+n under which the subgroups generated by M and N map to Sym({1, . . . , m}) and Sym({m+1, . . . , m+n}), respectively, and t maps to the transposition (m, m+1). Now choose elements a 1 , a 2 , . . . , a m ∈ M, t that generate M, t = A, t ∼ = S m+1 and satisfy the standard Coxeter presentation for S m+1 , with also a 1 , . . . , a m−1 = M and a m = t. Similarly, choose n elements b 1 , b 2 , . . . , b n ∈ N, t that generate N, t = B, t ∼ = S n+1 and satisfy the standard Coxeter presentation for S n+1 , with also b 1 = t and b 2 , . . . , b n = N .
Next define a m+j−1 = b j for 1 < j n, and let S = {a 1 , . . . , a m+n−1 }. This set of involutions generates G, since it contains t = a m = b 1 as well as generating sets for both M, t = A, t and N, t = B, t . Consider the required Coxeter relations (a i a j ) m ij = 1 for 1 i j m + n − 1. Observe that either 1 i j m and this relation is implied since it is satisfied by M, t ; or m i j m + n − 1 and this relation is implied since it is satisfied by N, t ; or 1 i < m < j and this relation is implied since a i ∈ M commutes with a j ∈ N . Thus G = S ∼ = S m+n .
Finally if y and z are elements of G standing for the (m+1)-cycle (1, 2, . . . , m + 1) and the (n+1)-cycle (m, m + 1, . . . , m + n), respectively, then zty stands for the (m+n)-cycle (1, 2, . . . , m + n).
We have the following special case.
Corollary 6.2 Let P = {A, t | R} be a presentation for the symmetric group S m+1 , such that the generator t denotes a transposition, and let {a, c} be a set of two words on the set A ∪ {t} standing for generators of the natural subgroup S m fixing a point moved by t.
} is a presentation for S m+2 , with the generators b and t standing for transpositions. In particular, this presentation has |A|+2 generators and at most |R|+4 relations. Also an element standing for an (m+2)-cycle in S m+2 can be expressed in the form yb, where y stands for an (m+1)-cycle in S m+1 .
Proof: Take n = 2, B = N = {b} and M = {a, c} in Theorem 6.1.
Also we need a variant of the Coxeter presentations:
Theorem 6.3 For all n 3, the finitely-presented group G n having presentation
is isomorphic to the symmetric group S n+1 . In fact, the relations a 2 i = (a i a j ) 3 = 1 together with the relations (a 1 a j a 1 a k ) 2 = 1 for distinct j, k > 1 are sufficient to give a presentation of S n+1 . Similarly, for each unordered triple {i, j, k}, it suffices to use only one relation of the form (a i a j a i a k ) 2 .
Ideally, we would like to convert this presentation to one on the standard generators of S p+2 . Taking these to be x = ( , ∞) and y = ( , ∞, 0, 1, . . . , p − 1), we have x = t and y = att c , and conversely a = yxy −1 xy. However, we cannot express c as a short word in x and y, and suspect that this cannot be done.
Instead we apply Theorem 6.1 to Theorem 6.5 and obtain the following:
O(log n) having five generators and at most 23 relations. One of the generators can be taken as the transposition (1, 2), and the n-cycle (1, 2, . . . , n) can be expressed as a word of length at most 9 in the five generators.
Corollary 6.11 For every even integer n > 1, the symmetric group S n has a defining presentation of length O(log n) having 13 generators and at most 77 relations, or 9 generators and at most 50 relations if n is sufficiently large. One of the generators can be taken as the transposition (1, 2) , and the n-cycle (1, 2, . . . , n) can be expressed as a word of length at most 29 in the 13 generators, or at most 19 in the 9 generators if n is sufficiently large.
Similar presentations for S n with n odd can be obtained from the above, together with Corollary 6.2.
It remains to be decided whether or not there is a presentation of S n on the standard generating set (consisting of the n-cycle (1, 2, . . . , n) and a transposition of the form (i, i+1)), with a uniformly bounded number of relators of total length O(log n).
Alternating groups
Presentations for the alternating groups A n can be obtained easily from those for S n , using the Reidemeister-Schreier process [16, Chapter 6] .
If P n is any presentation for S n , let E n and O n be the subsets of generators in P n that stand for even and odd permutations in S n , respectively. A Schreier transversal for A n in S n is {1, x}, where x is any one of the generators in O n (such as one standing for a single transposition). The Schreier generators for A n are then all elements of the form y and xyx −1 where y ∈ E n , together with all elements of the form xz ±1 where z ∈ O n . The Reidemeister-Schreier relators are just those in the presentation for S n , rewritten in terms of these Schreier generators, plus conjugates of these by x −1 . In particular, the number of generators in the resulting presentation for A n is at most twice the number of generators in the presentation P n , and the number of relations is at most twice the number of relations in P n . Accordingly, the length of the resulting presentation is at most twice that of P n .
In fact, many of the relators are equivalent to their conjugates under x, so the number of relations in the presentation for A n is very similar to that for S n . For example, conjugation of (xy −1 xy) k by the involution x gives (y −1 xyx) k , which is simply the inverse of (xy −1 xy) k . Also if P n has just two generators x and y, standing for a transposition and the n-cycle (1, 2, . . . , n), the Schreier generators for A n are either y and xyx (when n is odd) or xy and xy −1 (when n is even). As a result, the constructions in Sections 2, 3 and 4 give rise to presentations for the alternating group A n that are (respectively) linear in n, quadratic in log n and linear in log n log log n, and the ones in Sections 5 and 6 give presentations for A n with a bounded number of generators and relations, for all n. In particular, those in Section 5 give rise to presentations for A n on two generators with a bounded number of relations, giving a positive answer to the second part of Question (3) in Section 7 of [5] .
Short presentations for small degree cases
We have investigated, using computational techniques, short presentations for the symmetric groups of degree at most 9. One motivation for this work is to use these in the base cases of the general constructions described here.
Theorem 8.1 reports the shortest-length presentations we have found for S n for small values of n, on generating sets which include a 2-cycle u and an n-cycle v. (If an additional generator appears, then that generator is redundant.)
